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AHHOTau,Ha. B camion pa6oTe ^aeTCH nojmbiH aHajiH3 acHMnTOTHuecKoro noBe,n,e- 
hhs TpaeKTopHH BOJibreppoBCKHx KBa^paTHHHbix oTo6pajK6HHH TpexMepHoro CHM- 
^| njiexca b ce6a. 

Annotation In the paper a Volterra quadratic stochastic operators of three 
dimensional simplex into itself is considered. The full description of ergodic properties 
such operators is given. 

KjironeBfaie cjiOBa :KBa,zrpaTHHHbiH croxacTHuecKHH onepaTop; CHMnjiexc; sp- 
^ ' ro^HuecKaa TeopeMa. 

Q: 

*S 1 BBe^eHHe 

B MaTeMaTHuecKofi Gnojiornn (Teopnn Hacjie^oBaHna) h b Teopnn BepoaTHocTeft 
B03HHKaeT Bonpoc 06 H3yueHHH TpaeKTopnfl oflHoro Kjiacca HejiHHeftHbix npeo6pa30- 
Barnm Ha3biBaeMbix KBa^paTHUHbiMH croxacTHHecKHMH onepaTopaMH [1-9,11-14]. 

KBa^paTHUHbifl cToxacTHuecKHll onepaTop (kco), oTo6pa)KaroiiiHH CTaH^apTHtili 
cuMnjieKc 
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S™- 1 = { x = (x u ...,x m ) G R m : x t > 0,5>, = 1} (1) 



O 

(N 



i=i 



b ce6a, HMeeT bh,h 



- i — < iil 

k*n ■ V : (Vx) k = ^ Pij,kXiX j} (k = 1, ...,m), (2) 

r^e K03(b(pHrj,HeHTbi Pij } k~ ynoBjieTBopaioT cjie^yroruHM yonoBHHM: 

in 

Pij,k>0,Pij,k=Pji,k, /]Pij,k = 1, {i,j,k = l,...,m). (3) 

fc=i 

SaMeTHM, uto ycjioBne cHMMeTpnuHocTH He aBjiaeTcs oGpeMeHHTejibHbiM ,Tax KaK b 
npoTHBHOM cjiyuae oho mojkct 6biTb nojiyueHo nepeonpe^ejieHHeM cjie^ryioiiiHM 
o6pa30M 

_ Pij,k Pji,k 
Qij,k = 2 ' 

JlerKO npoBepHTb , hto onepaTop He MeHaeTCH npn TaKOM nepeonpe^ejieHHH. Cjiefly- 
loniaa Mo^ejib noacHaeT GnojiorHuecKHH cmmcji kco. PaccMOTpHM HeKOTopyio 6ho- 
jiorHuecKyio nonyjiHHHio ,T.e. 3aMKHyToe oTHocHTejibHo pa3MHo>KeHH2 cooGmecTBo 

OpraHH3MOB . 



Ilpe^i;nojio>KHM, hto KajK^aa oco6b BxoflHmaH b nonyjiHHHio, npHHa^;jie>KHT Hexo- 

TOpOH e^HHCTBeHHOH H3 171 paSHOBHflHOCTeii, 771 = 2,3,... IIlKajia pa3HOBH^HO- 

CTeii ^ojiacHa 6biTb Taxoft,HTo6bi pa3HOBH,nHocTH po^HTejieii o,nH03HaHHo onpe- 

^ejIHJIH BepOHTHOCTB XaJX^OH pa3HOBH,nHOCTH k flJIH HenOCpe^CTBeHHOrO IIOTOMKa 

nepBoro noxojieHHH.06o3HaHHM 3Ty BepoHTHocTb (xoscpcpHnneHT Hacjie^cTBeHHo- 
CTii) x iepe3 pjj^.OneBHflHo b stom cjiynae BbinojiHeHbi ycjioBHH > 0, X^fcLi Pij,k — 
1, k — 1, m). IIpe^nojiojKHM hto nony/inurm HacTOJibKo Bejinxa, hto mojkho 
npeHe6peHb (pjiioxTyaHHSMH HacTOT.Tor,n,a ee cocTosmne mohcho onncbiBaTb BexTo- 
poM x = (xi, ...,x m ) G S' m_1 ,r r ii;e Xj - ^ojih pa3HOBH,nHocTH i b nonyjiHHHH.B stom 
cjiynae no cpopMyjie nojiHoft BepoHTHoc™, pacnpeflejieHHe pa3HOBH,nHocTeH b cjie,n;y- 
romeM noKOJieHHH 3a,n,aeTCH BexTopoM Vx G S' Tra_1 (2). OflHoii H3 ochobhbix npoGjieM 
HBjiHeTCH 3a,n,aHa H3yneHH5i spro^HHecxnx cbohctb Taxnx onepaTopoB. PaccMOTpHM 
xjiaccnnecxoe oiipeflejiemie aproflUHHOCTH TonojiorHHecxoft ,HHHaMHHecxoH cucTe- 

MBI. 

Onpe/],ejieHHe 1. OnepaTop V Ha3bmaeTCH spro^HHecxHM ecjiH h tojibko ec- 
jih fljia bchxoh HenpepBiBHoii cpyHXHHH onpe,nejieHHOH Ha CHMnjiexce h ^jih jiioSoh 
HanajibHofl tohxh oGinero nojiojxeHHH x G S*™" 1 cymecTByeT npe,n;eji 

n=0 

3^ecb noHsriie tohxh o6m;ero nojionceHHH He xoHxpeTH3HpyeTCH, ho HMeeTCH b 
BH^y jihGo npHHa^jieacHocTb k HexoeMy MHoacecTBy nojiHoft jieGeroBoii Mepbi, jih6o 
x HexoeMy MHoacecTBy BTopofl GapoBcxoft xaTeropHH. 3to noHHTHe BBe^eHo Yjia- 
mom [14]. Oh paccMaTpHBaji TonojiorHHecxnii aHajior TeopeTHxo- MepHoii spro^niH- 
hocth. B [13] Ha ocHOBe HHCjieHHbix pacneTOB Gbijia ccpopMyjinpoBaHa rnnoTesa , 
hto jhoGoh x.c.o.3pro,ri;HHeH. ^.SaHHH h M.IOji^anieB ^;oxa3ajiH(B HeonyGjinxoBaH- 
hoh ^HnjioMHofl pa6oTe) cnpaBe^jiHBocTb rHnoTe3bi YjiaMa npn m = 2.B 1977 ro,n,y 
3axapeBHH floxaaaji, hto b o6meM cjiynae 3Ta rnnoTe3a HeBepHa.HM Gbijih nocTpoe- 
Hbi npniviepbi Hespro^HHecxHx x.c.o. npn m — 3 [9]. Hnace 6yn;eM H3ynaTb noBe^eHne 
BOJibTeppoBCXHX CTOxacTHHecxHX onepaTopoB (Ha3BaHbix b necTb V. Volterra, xo- 
Topbiii paccMOTpeji sBOjnouHOHHbie ypaBHeHHH GnojiorHn). 

Onpe^ejieHHe 2. K.c.o. Ha3biBaeTCH BOJibTeppoBcxHM ecjin p^^ = fljiH Bcex 
k <£ {i,j}. 

BHOJIOTHHeCXHH CMblCJI 3TOrO Onpe^ejieHHH ^OCTaTOHHO npOCT- nOTOMOX nOBTO- 

pseT o^Horo H3 po^HTejieii. 

BojibTeppoBcxHH onepaTop mojxho 3anncaTb b BH^e 

m 

(Vx) k = x k (l + ^2a ki Xi), 
i=i 

r,a;e A = {aij)™j = i -xococHMMeTpHHecxan MaTpnn;a c a^- = 2pjij — In | a.^- j < 1. IIpH 
m = 3 npoH3BojibHbiH BojibTeppoBcxHH xco Mo>xeT 6biTb npe^cTaBjieH cjieflyiomHM 
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o6pa30M 

V : (x, y, z) — > (x(l + ax — bz),y(l — ax + cz), z(l + bx — cy)). (4) 

B [3] ycT&HOBjieHo Heo6xo^HMoe h ^ocTaTOHHoe ycjioBHe spro^HHHocTH BOJiBTeppoB- 
ckhx kco onpe^ejieHHbix Ha S 2 . 

TeopeMa l.BojiBTeppoBCKHft kco (4) Hespro^HneH Tor,n;a h TOJibKo Tor,n;a, Kor^a 
napaMeTpbi a, b, c otjihhhbi ot Hyjis h HMeioT o,h;hh h tot TKe 3HaK. 

SaMeTiiM ,hto npn a = b = c = 1 nojiynnM npiiMep paccMOTpeHHBift 3axapeBH- 
neM [9], a npn a = b = c = e,0<e< 1 nojiynHM ceMeftcTBo onepaTopoB yKa3aHHbix 
b 3aMeHaHHH 2 [9]. 

B ^aHHoii pa6oTe paccMOTpHM cjiynaH pa3MepHocTH m — 4. 

2 Cy^ceHHe aTTpaKTopa 

^jifl npoH3BOJibHoro BOJibTeppoBCKoro onepaTopa onpe^ejieHHoro Ha S* 4 " 1 ,cooTBeTCT- 
Byronryio KococHMMeTpHnecKyio MaTpnuy A = (5ij)^ =1 3anHineM b cjieflyiorneM bh- 
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(5) 



Pa3o6beM MHoacecTBo Taxnx MaTpnn; Ha cjie^yromne Tpn Kjiacca.K nepBOMy Kjiaccy 
OTHeceM MaTpnubi coflepacanpie cTpoxy, Bee sjieMeHTbi KOTopoii HeoTpHn;aTejibHbi. 
Ko BTopoMy Kjiaccy OTHeceM MaTpnirbi He co^epxcan^He CTpoxy, Bee ajieMeHTbi ko- 
Topoii HeoTpHn;aTejibHbi, ho coflepacamyio CTpoxy, Bee ajieMeHTbi KOTopoii Henojio- 

JKHTejIbHbl. 

MaTpnirM He nonaBHine b sth ^Ba Kjiacca, OTHeceM k TpeTbeMy Kjiaccy. Jlerxo 
BH^eTb, hto ,zyiH MaTpnu; H3 TpeTbero Kjiacca (H3MeHHH, ecjiH Ha^o, nopaflOK Ha 
MHOJKecTBe 1, 2, 3, 4) Bee nncjia (a He sjieMenrbi MaTpninj) mojkho cHHTaTb 
HeoTpHHaTejibHbiMH . PaccMOTpHM 3th cjiynan no nopa^Ky 

2.1 MaTpHD,i>i nepBoro THna 

IlycTb Bee sjieMeHTbi i-ft ctpokh MaTpnubi (5) HeoTpHn;aTejibHbi. Tor^a ,zyiH jnoGoro 
x = (xi,X2,xs,X4) G S* 4-1 cnpaBefljiHBO cne^yromee HepaBeHCTBo: 

(Vx)i > Xi. 

HraK, nocjie^oBaTejibHocTb (V fc x), He yGbreaeT. IlycTB a npe^eji stoh nocjie^oBaTejib- 
hocth. Ecjih Xi > 0, to a > 0. riepefl^eM k npe^ejiy npn k — > oo b paBeHCTBe 

(\/ fc+1 x), = (\/ fc x),(l + aa(^*x)i). 
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IiMeeM 

lim (\/ fe+1 x) i = lim (y*x),(l + 5> u (V fc x),). 

fc— s-oo fe— 5>oo ' J 

Tax Kax jieBaa nacTb CTpeMiiTcsi k a h MHOJKHTejib b npaBoft nacTH Taxace CTpeMiiTcsi 
k a, to cymecTByeT npe^eji 

lim Va^(V fc x) ; = 0. 

A;— Kx> ' 

IlycTb HeKOTopbie 113 cTporo nojiojKHTejibHbi. Tor^a cooTBeTCTByiouxaH Koop^H- 
HaTa BeKTopa (V k x)i CTpeMiiTcsi k Hyjiio. IIpe^nojiojKHM fljia npocTOTbi, hto Bee ohh 
(xpoMe I = i) CTporo nojio>KHTejibHbi. Tor^a, K fc x cTpeMirrcs k Be-pimme cHMnjiexca. 
OTcio^a cjie^yeT peryjiapHocTb a 3HaHHT h spro^niHocTB onepaTopa V . 

2.2 MaTpHii,t.i BToporo THna 

IlycTb Bee sjieMeHTbi i-Vi cTpoKH MaTpiiiiBi (5) HenojiojKHTejibHbi.Tor^a pjm jiioGoro 
x = (x 1 ,x 2 ,x 3 ,x 4 ) e S 4 " 1 

(Vx)i < Xi 

Tax hto nocjieflOBaTejibHocTb (V k x)i He B03pacTaeT h no3TOMy y Hee ecTb npe^eji. 
06o3HaHHM 3tot npefleji Hepe3 (3. Ilpe^;nojio>KHM, hto f3> 0. Kax h b npe^biiryiixeM 
cjiynae, nojiynaeM cyuxecTBOBamie npe^ejia 

lim Va a (F fe x), = 0. 

Ilpe^nojioJKHM fljiH npocTOTbi , hto Bee a a < (xpoMe I = i). Tor^a TpaeKTopna: 
cxo^htch k i-ovi BepniHHe CHMnjiexca. Ho 

lim (V h x)i < Xi 

fc— >oo 

H 

lim(\/ fc x)i = 1. 

fc^oo 

3to 03HanaeT, hto HanajibHas Tonxa Taxace Gbijia BepniHHoft. TaxiiM o6pa30M, Haine 
npe^nojioaceHHe hto /3 > npiiBO^HT k TpHBHajibHOMy cjiynaio.riycTb (3 = 0,to ecTb 

lim <y fc x); = 0. 

fc— >oo 

Be3 iioTepa o6iiihocth, nojiaraeM i = 4. Tor^a CHMiuieKC r 123 co^;ep>KHT BHyTpn 
ce,n;jioByio TOHKy, KOTopyio o6o3HaHHM nepe3 Mq. IlycTb u npe^ejibHoe MHoacecTBo 
HanajibHoii tohkh M.Ohcbh^ho oho co^,ep>KHTCH b ri23.PaccMOTpiiM cjiepyjomme 
HBa B03Mo>KHbix cjryHaa:. 

HepBbiH cjiynali: w-npe^ejibHoe MHoacecTBo tohkh M co,n;ep:>KHT Tonxy M . 3to 
03HaHaeT, hto rjisi jik>6oh OKpecTHocTH U tohkh M cymecTByeT no^nocjie^oBaTejib- 
hoctb nk, cTpeMHm;aHCH k 6ecKOHeHHocTH, Taxaa mto F nfc x e £/. Onpe^ejiHM KaHOHii- 
necKiie Koop^HHaTbi b OKpecTHocTH Mq cjie^ryioimiM o6pa30M. IlycTb, Mq - nojiioc, 
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Ox - npoH3BOJibHo HanpaBjieHHaH ocb b njiocKocTH r 123 , Oy -nepneHflUKyjiapHaa 
eft ocb b njiocKocTH r 12 3, Oz - ocb, nepneHflUKyjiapHaa njiocKocTH r 123 . B sthx 
Koop^HHaTax onepaTop V 3anncBiBaeTcsi cjie/xyiorrrHM o6pa30M: 

Vx. = (Ai(xcos0 — ysincf)), Ai(x sin0 + y cos0), \ 2 z) + 0(x 2 + y 2 + z 2 ) 

a oGpaTHoe npeo6pa30BaHHe - b BH/j;e 

V _1 x = (Af 1 (xcos0 — ysin0), A^ 1 (xsin0 + ycos0), A^ 1 ^) + 0(x 2 + y 2 + z 2 ). 

3^ecB | Ai| > 1 h |A 2 | < 1. 3a(pHKcnpyeM HeKOTopoe jj;ocTaTOHHo Majioe e. Be3 orpa- 

HHHeHHH o6lHHOCTH MOJKeM CHHTaTB HTO (V n X.)4 < e flJIH npOH3BOJIBHOrO nOJIOJKH- 

TejiBHoro n. PaccMOTpHM oKpecTHocTB U tohkh M onpe^ejieHHyio b KaHOHnnecKHx 
Koop^HHaTax cjie/xyroinHM o6pa30M: 

U = {x 2 + y 2 <5 2 ,0<z<5}. 
KoHCTaHTa S BBiGnpaeTcs: TaKHM o6pa30M, hto BBinojmjieTCH ycjioBHe 

V- X U C {x 2 + y 2 < 5 2 } = U u 
h npn 3tom BBi6paHHan KoHCTaHTa oGecne^HBaeT ycjioBiie 

x 3 = min{xi, x 3 , X4} 
,n;jia jiioGoro x G V~ X U. Ilocjie BBiGopa 5 ,BBi6epeM Majioe e TaK,HTO 

Uy f]{x 3 < e} c U. 

TenepB noKaaceM,HTo jnoGoro n, V n x G U. PaccMOTpHM nocjie^oBaTejiBHocTb 
{rik} Taxyio, hto \/ nfe x G £/. Tor/xa 

yn fc -l x = y-^^x) G V^U C C/i, 

H TaK KaK 

V™ fc_1 x G {x 4 < e}, 

OTciofla cjie/ryeT ,hto \/ nfc_1 x G £/. B cnjiy Toro,HTo — > 00 npn fc — >■ oo,/j;jra 
jiio6oro fc h ,h;jih jiio6oro t < rikjV**. G £/. Tskhm o6pa30M cu(x) C £/ h Tax xax 
cu(x) C Ti 2 3, oTciojj;a cjie,nyeT,HTo cymecTByeT ,n,ocTaTOHHo Majiaa OKpecTHocTB W^(ee 
jxnaMeTp nopniXKa const ■ 5) tohkh Mq b I\ 2 3 TaKaa: hto w(x) C W 7 . LlycTB y G 
cu(x) 7^ M ,Torjj;a V n y G w(x) h Tax kqk w(x) 3aMKHyTo,To w(y) C w(x). B to 
ace BpeMfl w(y) C <9ri 23 h V P| c?r 12 3 = 0. H3 stoto npoTHBopenHs cjieijyeT,HTO 
cu(x) = Mq. IIpHMeHJiJi TeopeMy TpoGMaHa-XapTMaHa [10] nojiy hhm , hto TOHKa x 
jie>KHT Ha HHBapnaHTHoft KpHBoft onepaTopa V, KOTopaa HaHHHaeTCH b BepmiiHe 
(0, 0, 0, 1) h 3aKaHHHBaeTCJi b tohkc Mq. 3tot cjiynaft He npe^cTaBjuieT HHTepeca. 
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BTopofi cjiynaft: cj-npe,nejiBHoe mhojkcctbo tohkh M He co^epjKHT TOHKy M .IIycTb 
y G oj(x) , Tor,n;a V~ n y G w(x) h Tax xax w(x) 3aMKHyTO, to w(y) C a;(x).JIerKO 
BH^eTb hto cu(y) = Mo flJ 13 Bcex y ^ ^123. IIosTOMy, ecjiH Taxoe y npHHa^jieacHT 
cu(x), to npnxo^HM k npoTHBopeHHio c npe^nojioxceHHeM, hto Mq He npHHaflJie- 
jkht w(x). TaKHM o6pa30M Bee cu-npe^ejibHbie tohkh x npHHa^jiexcaT ^123. HTax, 
HCKjHonaH cjiynaii Kor^a BeKTop x npHHa^jie>KHT HHBapnaHTHOH kphboh, ^;oKa3bi- 
BaeTCH hto w(x) C 9r 12 3- 3to yTBepjK^eHHe HBjineTCH tohhbim aHajioroM cootbct- 
CTByronxero pe3yjibTaTa pjia. ^ByMepHoro kco [3]. 

2.3 MaTpHD,i>i TpeTbero THna 

3anHHieM MaTpniry A b KaHOHHHecKoft cpopMe (5), r#e Bee nncjia a^- HeoTpnijaTejiB- 

HBI. 

B 3tom cjiynae oTcyrcTByioT npHTHrHBarouiHe hjih oTTajiKHBaiorrrHe BepniHHbi 
h Bee BepniHHbi hbjihiotch ce^jioBbiMH TOHKaMH. TaKJKe BHyTpH pe6ep h rpaHeft 
T 2 34 h T 12 3 oTcyTCTByioT Heno^BHJKHbie tohkh ,a BHyTpn rpaHeft T 12 4 h r 134 Hafi- 
^yTCH no o^Hoii Heno^BHJKHoii TOHKe , npnneM o^Ha H3 hhx ce^jioBan, a ^pyras- 
OTTajiKHBaiomaH. 

Hx THn 3aBHCHT OT 3HaKa BejIHHHHBI 

I = — 012034 + «i3 a 24 + 014023 
TeopeMa 2. IlycTb x- Tonxa o6m;ero nojioaceHKH ,Tor^a 

w(x) c r 123 u r 234 u r 14 . 

HcKJHOHeHHeM HBJIJHOTCH tohkh rpaHHHBi cHMnjiexca H tohkh jieacanpie Ha HHBa- 
pHaHTHOH KpHBOH,HaHHHaK)H];eHCH B OTTajIKHBaiOmeH HenO^BHJKHOH TOHKe H 3aKaH- 

HHBaiomeiicH b ce^jioBoii tohkc, otjihhhoh ot BepniHH. 

/loKasaTejibCTBo.IlpH ,n;oKa3aTejiBCTBe cyuxecTBeHHo Hcnojib3yeTCH cjieflyiomHH 
pe3yjibTaT, ,noKa3aHHBiH b [6,8]. 

IIpe^jiojKeHHe l.IIycTb p-OTTajiKHBaioru;afl Heno^BHJKHaH TOHKa.Tor^a cyme- 
CTByeT (pyHKi^HH JlnnyHOBa BH^a 

n 

F( X )=n*f- 

i=i 

Be3 orpaHHHeHHa oGuxhocth mojkcm cHHTaTB, hto Heno^BHJKHaH Tonxa BHyTpn 
rpaHH Ti34 OTTajiKHBaion^aH , a BHyTpn rpami T\24r ce^jioBan.Tor^a OTTajiKHBaio- 
maa Heno^BHJKHan Tonxa HMeeT bh,h (pi, 0,^3,^4), a cooTBeTCTByioiiiasi cpyHKirHH 
JlnnyHOBa HMeeT bh,h 

F(x) = xfxfxf. 

Jlerxo BH^eTb, hto b^ojib TpaeKTopHH 3Ta cpyHKHHH CTpeMHTCH k Hyjuo. YTBepjK^e- 
HHe npe^jiojKeHHH 1 mojkho nepenncaTB b cjie^yrouxeH cpopMe 

lim min{{V n x) u (V n x) 3 , (V n x) 4 } = 0. 
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3Ta cpopMa Gojiee ynoGHa fljia npHjicoKemift. 
PaccMOTpHM cjie^yioiri;He cjiynaH. 

IIepBt>iH cjiynaft. IlycTb w(x) co^ep>KHT ce^jioByio Tonxy Mo BHyTpn rpaHH 
Tor^a ^jih jiioGoii OKpecTHocTii U tohkh Mq cymecTByeT nocjie^oBaTejiBHocTB {n^} 
CTpeMJimaacji k GecKOHeHHocra TaxaH, hto V nk x G £/. BBe^eM KaHOHiiHecKiie ko- 
op^HHaTbi b oKpecTHocTH U cjie^yioin;HM o6pa30M. IlycTB, M - nojiioc, Ox - npo- 
H3BOJibHO HanpaBjieHHaa: ocb b njiocKocra r 124 , Oy -nepneH^HKyjiHpHaa eft ocb b 
njiocKocTH Ti24, Oz - ocb, nepneHflUKyjiapHaa iijiockocth T\2a- Tor^a onepaTop V 
3aniiCBiBaeTCH cjie^yioiri;HM o6pa30M: 

Vx. = (X 1 (xcos(f) — ysincf)), Ai(a;sin0 + ycos0), \ 2 z) + 0(x 2 + y 2 + £ 2 ) 

a oGpaTHoe npeo6pa30BaHiie - b BH,n;e 

V~ l ~x. = (Af 1 (x cos — y sin 0), Af 1 (a; sin + y cos 0), A^ 1 ^) + 0(:r 2 + y 2 + z 2 ). 

3^ecB | Ai| > 1 h | A2 1 < 1- 3a<pHKcnpyeM HeKOTopoe ^ocTaTOHHo Majioe e. Be3 orpa- 

HHieHHJI o6m;HOCTH MOJKeM CHHTaTB, HTO (l /n x) 4 < e npOH3BOJIBHOrO nOJIOJKH- 

TejiBHoro n. PaccMOTpHM oKpecTHocTB U tohkh M onpe^ejieHHyio b KaHOHiiiecKiix 
Koop^HHaTax cjie^yion^HM o6pa30M: 

U = {x 2 + y 2 <5 2 ,0 < z < 5.} 

KoHCTaHTa 8 BBi6npaeTCJi TaKHM o6pa30M hto BBinojiHHeTCJi ycjioBne 

V- l U d {x 2 + y 2 < 5 2 } = U 1} 

h npn 3tom BBi6paHHaH KOHCTaHTa oGecne^HBaeT ycjioBne 

x 3 = min{xi,x 3 ,X4} 

,a;jia jnoGoro x G V~ 1 U. Ilocjie BbiGopa 5 ,BBi6epeM Majioe e TaK,HTO 

Ui f]{x 3 <e}cU. 

TenepB noKaaceM,HTo ,zyiH jnoGoro n, V n x G U. PaccMOTpHM nocjie^oBaTejiBHocTB 
{rik} Taxyio, hto V nk x. G U. Tor^a 

V n k -i x = v-\V nk x) G V^U C Ui 

H TaK KaK 

V nk ~ 1 x G {x 3 < e}, 

OTciofla cjie^yeT ,hto V nk ~ 1 x G U. B cnjiy Toro,HTo — > 00 npn fc — > oo„n;ji5i 
jno6oro k h ,zyiH jno6oro t < n^, V*x G £/. TaKHM o6pa30M w(x) C £/ h Tax kbr 
w(x) C dS* 4-1 oTcio^a cjie,n,yeT,HTO cym;ecTByeT ^ocTaTOHHo Majiaa OKpecTHocTB 
(ee ^naMeTp nopa^Ka const ■ 5) tohkh Mq b Ti 2 3 Taxaa hto w(x) C W 7 ! LEycTb 
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y G w(x) / M ,Tor^a V n y G w(x) h Tax ksk w(x) 3aMKHyTo,To w(y) C w(x). B 
to ace BpeMa u(y) C <9r 124 h ^n^i23 = 0- H3 stoto npoTHBopeHHS cjie,zi;yeT,HTO 
cu(x) = Mo. IIpHMeHJiH TeopeMy TpoGMaHa-XapTMaHa [10] nojiy hhm , hto BeKTop x 
jieacHT Ha HHBapnaHTHoii kphboh onepaTopa V, KOTopaa HanHHaeTcn b BepniHHe 
(pi, 0,p3, J94) h oKaHHHBaeTCJi b TOHKe M . 3tot cjiynafi He npe^cTaBjiaeT HHrepeca. 
BTopoil cjiyHail:a;-npe^;ejiBHoe MHoacecTBO tohkh x He co^epjKHT tohkh M .IIycTB 

y g w(x) n r 124 . 

Tor^a V~ n y G w(x) h Tax xax w(x) 3aMKHyTO, to oo(y) C o;(x).JlerKO BH^eTB hto 
co(y) = Mq ^jih Bcex y ^ <9r 12 4.rio3TOMy, ecjin Taxoe y npHHa^jie>KHT 00 (x) , to 
npnxo^HM k npoTHBopeHHio c npe^HiojioaceHHeM , hto M He npHHa^Jie>KHT o;(x). 
TaKHM o6pa30M 

w(x) C {xiX 2 X 4 = 0}. 

AHajiorHHHo 

w(x) C {xix 3 x 4 = 0}, 

OTKy^a 

w(x) c {xix 2 x 4 = 0} n {2:1X3X4 = 0} = ri2 3 u r 234 u r i4 . 

TeopeMa ^oxasaHa. 



3 TeoMeTpHHecKHe h spro^HnecKHe CBOHCTBa 

B cjiynae MaTpnu; nepBoro THna TpaeKTopna jiio6oh tohkh cxo^htch k o,h,hoh H3 
BepniHH.EcjiH MaTpnija npHHa^;jie>KHT BTopoMy Kjiaccy, to npoGjieMa pe^yunpyeTCH 
k flByxMepHOMy kco H3yneHHOMy b [3].Hn>Ke 6yneM paccMaTpHBaTb TOJibKO cjiynafl 
MaTpHn; npHHa^jieacamnx TpeTBeMy Kjiaccy. J\jik npocTOTBi 6yneM npe^nojiaraTb, 

HTO HHCJia djj OTJIHHHBI OT H 1. 



3.1 TeoMeTpHHecKaH TeopeMa 

TeopeMy 2, ,noKa3aHHyio BBime , mojkho nepecpopMyjinpoBaTB cjie,nyioiiiHM o6pa30M: 
ecjin y?(x) = max{xix 2 x 4 , X1X3X4}, Tor^a (p(V n x) — > 0. Ochobhbim pe3yjiBTaTOM 
3toh paGoTBi HBjiaeTCH cjieflyrouiaH TeopeMa. 

TeopeMa 3.,H,jT5i MaTpnn; TpeTbero Kjiacca cooTBeTCTByroiHHH kco Heapro^HneH. 

IIpe^BapHTejiBHo ^;oKa>KeM cjie^yiomee npe^jioaceHHe. 

IIpe/],jiojKeHHe 2.3acpHKCHpyeM ^ocTaTOHHo Majioe 3HaneHHe e h onpe^ejiHM 

MHOJKeCTBO 

U £ = {x G S* 4 " 1 : x 2 ,x 3 ,x 4 < e}. 

CymecTByioT KOHCTaHTBi A h B Taxne, hto ecjin x ^ U e ,Vx, • • • ,V n ~ 1 x G U £ , 
V n x £ U e , to 

n> A\og{— -). 

y?(x) 
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^0Ka3aTejibCTB0.JlerK0 BH^eTb , hto 



(V-x) 4 _ n ft (v^u > T 

fi (^x) 4 " • 

nycTb y = V™ _1 x G C/ £ . Tor^a 

(\/ n x) 2 = (Vy) 2 = y 2 (l - oi 2 yi + a 2 3l/3 + 024^/4) < - ai 2 (l - 3e) + 2e) 
< y 2 (l - a 12 + 5e) < y 2 < e 

H 

<y n x) 3 = (Vj/) 3 = 2/3(1-^132/1 - a 23 l/2 + a 34 |/4) < 1/3(1 - ai 3 j/i + e) 
< y 3 (l - a 13 (l - 3e) + e) < y 3 (l - a 13 + 4e) < y 3 < e 

Tax KaK \^ n x ^ U £ ,to (V n x)4 > £ oTxy^a cjie^yeT 

2 „ > £_ = ^ x 1 max{a: 2 ,x 3 } 
~~ x 4 v?(x) 

B cHjiy cjie^ryioiHero HepaBeHCTBa 

(Vx) 2 = x 3 (l - a 12 xi + a 23 x 3 + a 24 x 4 ) > x 2 (l - a 12 ) 

HMeeM ^ 

x 2 < . 

1 - a i2 

AHajiorHHHo 

(V r x) 3 = x 3 (l - ai 3 Xi - a 23 a; 2 + a 34 :r 4 ) > x 3 (l - max{a 13 , a 23 }), 

Tax HTO 

E 

x 3 < 

H 



[1 - max{ai 3n a 23 ]Y 



(V r x) 4 = x 4 (l + 014X1 - a 24 :r 2 - a 34 a; 4 ) > x 4 (l - max{a 24 , a 34 }), 

OTKy^a 

a; 4 < 



1 — max{a 2 4, a 34 } 
Bee 9th HepaBeHCTBa (6-8)Mco«eM 3anncaTB KaK 

^2,^3,^4 < C a bs£, 

rpp C a f, s -a6cojiiOTHaa KOHCTaHTa saBucamaa tojibko ot a^. Tor^a 

X\ > 1 — 3C a f> s £. 
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Tenepb 



(Vx) 4 = rr 4 (l + 014X1 — (L24X2 — 034^3) 

> x 4 (l + a u (l - 3C abs e) - (a 24 + a 34 )C a6s e) 

> x A (l + ai4 - C abs (3a 14: + a 2 4 + a 34 )e) > x A) 

OTKy^a X4 < e h maa;{x2,i3} > e. TaKHM o6pa30M 

on > ^(1 - Wa^) 

Ilpe^jiojKeHHe ^;oKa3aHo. 

B KanecTBe cjie^cTBHH HMeeM cjie^yiomne TeopeMbi 

TeopeMa 4.BpeMH, npoBe^eHHoe tohkoh x b OKpecTHocTH BepniHHBi (1,0,0,0) 
3a o/i;hh ceaHc, cTpeMHTCH k GecKOHenHocTH. 

TeopeMa 5.Cpe^Hee BpeMH, npoBe^eHHoe tohkoh x BHe e-oKpecTHoc™ Bcex 
BepniHH, paBHO 0. 

/JoKasaTejibCTBo. 51cho,hto TOHKa ^bhjkotch no o^HOMy H3 cjie^yiomHx Mapin- 
pyTOB: 

1 ^4^3^2^ 1 

HJIH 

1 ->■ 4 ->■ 2 ->■ 1 

HJIH 

1 ->■ 4 ->■ 3 ->■ 1. 

3^ecB 1, 2, 3, 4 03HaHaeT e-oicpecTHocTB l-oH(cooTBeTCTBeHHo 2-oii,3-eH,4-oH ) BepniH- 
hbi . O leBH^Ho , BpeMH Heo6xo^HMoe ,h;jih nepeMemeHHH H3 oKpecTHocTH ojxhoh Bep- 
ihhhbi b oKpecTHocTB ^rpyroii, paBHOMepHo orpaHHieHo. 06o3HaHHM BepxHioio rpaHB 
TaKHx BpeMeH nepe3 T abs . KajK^rBiH hhkji ^bh>k6hhsi BKjnoHaeT b ce6n o^hh ceaHc 
noceuxeHHH nepBofl OKpecTHocTH h He Gojiee 4-x ceaHcoB nepeMemeHHH H3 o^,hoh 
OKpecTHocTH b ,npyryio. 

3acpHKCHpyeM iipo3bojibho GojibHioe K.B cnjiy npeflbmyineii TeopeMBi ,ceaHCBi 
nocemeHHH nepBoii OKpecTHocTH ,hjihtch k&k mhhhmym BpeMH K, to ecTB acHMn- 
TOTHHecKoe hhcjio HHKjioB 3a BpeMH n He npeBBicHT BpeMH noTpaneHHoe Ha ne- 
peMememie H3 o^hoh OKpecTHocTH b ^pyryio He npeBBicHT 4T g s " .TaKHM o6pa30M 
,cpe^Hee BpeMH npeGbiBaHnn BHe onpecTHocTen BepniHH He Gojiee ,neM ^j^-. 

Tax Kax K npoH3BOjn>Ho,OTcio,ii;a cjie^yeT yTBepacflemie TeopeMBi. 
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4 IlocTpoeHHe c^yHKipra JlanyHOBa 



B 3 aKjiio Hemie yxaJKeM cnocoG nocTpoeHHH cpyHKHHH JlnnyHOBa b ^onojiHeHne k 
y>Ke H3BecTHt.iM.HoBt.ie cpyHKHHH JlanyHOBa HMeioT bh,zi; 

4 

F( X )=n^- 

i=i 

3aMeTHM,HTo 3^ecB He Tpe6yeTCH nojioxcHTejiBHocTH nnceji Aj. Ohcbh^ho 

4 

F(Fx) = F(x) + (Ax)^' = F(x)G(x). 
i=i 

IIpe/],jio>KeHHe 3.Ecjih G < 1 bo Bcex BepiHHHax,Tor,na F-cpyHKHHJt JlnnyHOBa. 

,H,oKa3aTejiBCTBo.EcjiH G < 1 bo Bcex BepniHHax, to cymecTByeT oKpecraocTB U 
BepniHH TaKan ,hto G < q < 1 b U. 06o3HanHM MatccHMajiBHoe 3HaneHHe G nepe3 
L. IlycTb r n -BpeMH npoBe^eHHoe BHe U 3a o6mee BpeMH n. Tor^a 

n-l 

F(V n x) = F(x) Y[ G(V*x) < F(x)q n - Tn L Tn ->■ 0, 

i=0 

Tax kbr cpe^Hee BpeMH npoBe^eHHoe BHe (7 ,to ecTb cTpeMHTCH k Hyjiio. Pac- 
cmotphm ycjioBHe npe^;jio>KeHHH.Ee mojkho nepenncaTb b BH^e 

4 

JJ(i + a«) Ai <i- 

i=l 

JIorapHcpMHpyH, HMeeM 

4 

^log(l -^)Ai < 0. 
i=i 

Ecjih onpe^ejiHTb MaTpniry 

S = (6y) = (-log(l-5«)), 
to 3to ycjioBHe 3anHHieTCH KaK 

5A > 

3to 3HaHHT, hto pa36neHHe npocTpaHCTBa napaivieTpoB cBH3aHo c HetcoTopbiMH xa- 

paKTepHCTHKBMH MaTpHHBI B. 
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